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The solution of problems concerning the state of stress of multiconnected trans-
tropic plates of arbitrary thickness under symmetric and skew-symmetric load-
ings is constructed in a three-dimensional formulation, As in [1, 2], the semi-
inverse method of Vorovich (see [5 — 8],etc.) is used to obtain homogeneous
solutions of the Lur'e-Lekhnitskii type [3, 4]. The state of stress of transtropic
plates is determined by the method of reducing the problem to the solution of
functional systems, described in [9 — 12] in application to isotropic thick plates.
Analogous problems for simply~-connected plates have been analyzed by an

asymptotic method in [1, 2],

1. Let us consider an elastic homogeneous layer of thickness 2k weakened by arbit-
rarily arranged circular cylindrical cavities Whose generators are normal to the flat faces.
Let us consider the layer to experience small deformations under the effect of external
forces applied to the side surfaces of the cavities Q; (j = 1, 2, ..., §). The struc-
ture of the body material is such that all the directions in planes parallel to the middle
plane are equivalent in the sense of the elastic properties. We call such materials trans-
tropic [13]. Among them, for example, are "star plastics", DSP-G wood plastics, F-60
veneer [13], cadmium, magnesium, zinc crystals {14, 15], etc.

The equations of the generalized Hooke's law for such materials are [16]
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where the variables £, 7 are related to the middle plane of the plate,and R is the
radius of one of the cavities. Then the generalized Hooke's law equation can be written
in the following form (the prime denotes the derivative with respect to {):
Ogg = Ay Oiug + A0,uy + A'Ajqug’, Oz = Agg (Fguz + Oy1y)
Onn = A1201ug + Ay0gltn + AAg5u¢",  Ogg = Ay (Oqug 4 Aug)
Ogg = Ays (01ug + Opun) + A4 55uy’, Ong = Ay (0ug + Mluy')
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Here
a 8 Y 1 1
al—‘g’a“' 32=‘a‘ﬁ‘1 Agg = 5 Au=mv Ase=7, Am:}llvz

Ap = et (1 —vyv,), Agp = Bo ' (Vv 4 vov,), po =1 —

v —2v,v,, s2=G/G,
Ps = 2uv, + 8075, Hp = 2p (1 — VIV [V, B o= g T ),
vo = vE/E, p—(1—2v7

The strain energy should be positive, hence, the constraints [15]

Ay >0, Ap > | Al (A + Ay) Ags > 24,5°
are imposed on the coefficients 4;j .
Let us substitute (1. 1) into the equilibrium equation. Consequently, we obtain the elas-
ticity theory equation for a transtropic medium in terms of displacements (D* = 9, -
dq® is the two-dimensional Laplace operator)

(Aso)2ug” + Dug + w0, (Oyug + Oguy) + 1_1!‘»301”:,’ =0 (1.2)
(Aso)?uy" 4+ D?ug -+ 1,0, (Oyuz + Ooltg) + AN pglpuy’ = 0
A Ppguy” + 8o ?D%ug + Alpg (O + Oguiy’) = 0

Now, the boundary value problem can be formulated thus, Find the solution of the sys-
tem (1, 2) satisfying the following boundary conditions:

Og = Ong = O =0, L =1 . (1.3)
O =P8, 0), 0w=DP, oxg=P onQ (1.4)

Here Tj, 9 { isa cylindrical coordinate system coupled to the center of the j-th
cavity, P’ (k = r, 0, ) are given external loads which can always be decomposed
into symmetric and skew-symmetric components, As in [3],in the tension-compression
problem P, Py’ are even but Py¢’ is an even function of { and, conversely, in the
bending problem 2,7, Py are odd and P is even,

Let us construct the solution of the problems mentioned as a sum of biharmonic, vortex,
and potential states of stress by using the method of homogeneous solutions [1 — 3, 5, 6]

Uy = wip + Wip + Wip, O;5 = Oy + Oyr +oyp (G 7=§ 1, 0193

2. Let us seek the vortex solution in the form

Ugn (E, UE g) =p (C) aZB (gv TI), Unr = _"'pale Ugp = 0 (2.1

1t is assumed here that the displacements ug, Un are projections of the rotor of some
function on the §, 1 axes {1, 2, 5, 6]
From the system (1.2) we have

8, (\%,%p"B + pD*B) = 0 (i=1,2) (2.2)

For (2. 1) to satisfy the system (1. 2), it is sufficient to require that the expression in
parentheses in (2, 2) be zero, In conformity with the method of separation of variables,
this requirement can be written thus (§ is the separation constant):
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P (D) + 82 (D=0 (2.3)
DBE, n)—O/ABE =0 (2.4

Let us require compliance with the boundary conditions on the flat faces (1. 3). Con-
sequently, we obtain ,
deny P(ENIBEMN=0 (=12

But §;B =& ( (in the opposite case, we would have a trivial solution), hence
p{x1)=0 (2.5)
Therefore, in connection with finding the function p () we arrive at the Sturm-Liou-~
ville problem (2. 3), (2, 5).
Since the displacements g, U, are even in the tension-compression problem, but odd
functions of the variable { in the bending problem, the solution of the problem (2. 3),
{2. 8) can be written as

Pr* (L) = bp* cos 6x*sol,|  pr~ (§) = by sin 6,7 558 (2.6)
Opt = 8% = /sy, Oy =0 = (2k — 1) /28, k=ckl, 42, .0
(sin 6*sy = 0, cos&7sy =0, Hfz£0)

Here bt are arbitrary constants and §,% are the roots of the equations in paren-
theses, The solutions of (2. 4) correspond to these same values of 8%

It follows from (2.4) and (2. 6) that the functions B, (&, 1) are even and pE ()
can be selected because of the corresponding selection of the constants b,%, Hence,
summation over §,* < 0 does not yield new solutions, and we can finally write for
both problems o

ugr (8m, §) = Z Pi(0) 0By B M)y Unpr = — 2 PO By, wr=10 (2.7
k=1 k=1

Substituting (2. 7) into (1. 1), we obtain

o

Ogr = —Omr = D Pd19aByy Ogan = 2 Pe(@2 — 0B, (2.8)

k=1 k=1

ogen = — X & (0)0:Byy oen = X §01Byy Sger =0

k=1 k=1
The notation in (2, 7) and (2, 8) is

Pt () = 2hsq cos §;*soL,
g (£) =8 sind;*sol, gx (B)=— ("05 6k-3n§

8oL (2.9)

In the isotropic case (7, = G ,and therefore, s, = 1. In this case (2.7) —(2.9)agree
with those presented in [3],

3. Let us seek the potential solution in the form [5, 6]
up (8, M 0 =n()hCE m)y uwp =ndhl, we=q(C 3.1

The functions 7 ({), g (§), C (§, m) are determined, as in Sect, 2, by satisfying
(1.2) and the conditioms (1. 3).
From the system (1, 2) we obtain
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9; [(Asg)™?n” (§) + (1 + py) D*Cn (§) + A'ugg’ (D Cl =0 (3.2)
A72,9" (8) € 4 (s072g + Alugn’) DC = 0 (i=1,2)
The variables separate in (3. 2) if we set
D*C = (y/ M*C (3.3)

Taking account of the dependences (3. 2) and (3. 3), we can satisfy the system (1.2)by
requiring compliance with the following conditions

n" (L) + (1 + p)v®s®r (L) + Apssee’ (§) =0 (3. 4)
9" (L) + (vs0)?pa g (L) + vus(Ma)™'n’ (§) = 0

We seek the solution of the system (3. 4) by the Euler method. Its characteristic equa-
tion is

—_ 1 —vev
S 2t f byt =0, b=, p=RT e (5

To write the general solution of the system (3. 4), let us consider the following possible
cases:

1°, If by > 0 and b2 — b, 5= 0, then

S1y 2 = = 1981, Sg 4 = - 75 (3. 6)
n* (§) = Hy* cos y*s;§ + H,* cosy*s,t,

= (§) = Hy sin y'5;§ + H, sin y7s,0

g* (§) = ¢y* sin v*5, 0 + Qq* sin v*8,8,

g (0) = Qi cos ys,L + Qo cos ¥75:L

S1,5 = V;l =+ Vb12 — by
are real and different if &2 — b, >> 0 and complex conjugate if 5,2 < b,,.
2°. If by >0 and b® = by, then

Sie = 83,4 = i85, s =Vb ) (3.7
nt (Y) = H,* cos y*s; ¢ + H,*{ siny*s,§, n” = H siny7s 5+
H, [ cosy™s;
g* () = Q1* siny"s, L + Qp*L cosy?si L, g7 = @y cosysiE +
Q.7 & sin v75,8
In particular, if v, = v, = ¥ and G, = G, then §? = 5, = b, = 1, i.e. thesolu-
tion for an isotropic plate is obtained from this case.
3°, If by << 0 and b2 — b, = O,then Sy, , = - ¥v5,, S3,4 = - 7s,. Hence

Sy, = VI by Ii Vb12 — b,

S1,2 = Vlbll:':ivb%"‘b12
when b2 < b,. The expression for n* ({) and g% ({) are obtained from (3.6) by re-
placing the circular by corresponding hyperbolic functions.
4°, If by << Oand b2 = by, then Sy, = S35 4= ¥5, 5 = V]b |
The expressions for nE ({) and g% ({) are obtained from (3. 7) by using the same sub-
stitution as in case 3°,

Hence

when p,2 << b, and
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The constants Hp,t, @pE (m = 1, 2) in (3.6),(3.7) are expressed in terms of each

other. For instance - S
Qm+ = Ap*tHp,*, Qm = —Apn Hm 4 (3.8)
Apt = (yE/ D) spitgse® (1 — $o2Uesp )™
Analogous relations are established in other cases also.

We determine the constants Hp,* from the boundary conditions on the flat faces
(1.3). For example, for case 1° we obtain

ay ¢os Y Hy* + ag cos yrs,Hyt = 0,  a, sin ysH,” + (3.9
+ ay sin y7s,H,” =0
dis;sin pts Hi* + dys, sin y*s,H,* = 0, dys; cos ys, H,™ +
+ dysy cos Y, Hy =0

am=(1+1;;

)

sm2) (1 — paSo®sn®) ™ dpy = 2V,14;50™

For a non-trivial solution of the system (3. 9) to exist it is necessary that their deter-
minant be zero, Hence, an equation to determine 9 follows, which can be written as[4]

(sy -+ ;) sin (8, — $) Y= =+ (5y — 8) sint (s, + s yE=0 (3.10)

Transcendental equations determine the eigenvalues of the appropriate homogeneous
problems for the potential state of stress (parameters Yp% ). The eigenfunctions npE(%)
and gt (), as well as the functions Cp (%, 1) determined from (3. 3) correspond to
these eigenvalues,

It follows from (3, 9) that

" a1 Co3 317p+ e H- arsin 1Y,
—_ — T e e 1
g azcos s27,* P » a2 Sin S, ?

Equations (1.2) and conditions (1.3) will be satisfied when the constants H. 1% in(3.6)
remain arbitrary,

According to (3. 3), the functions Cp* (§, ) are even in YpT. Hence,the constants
Hi% are selected so that the displacements would be even in %, which permits con-
sideration of just those roots of (3. 10) whose real part is greater than zero. We take the
constants mentioned as Hy, = cos y,*s,, Hip = sin y,7s,. Then

np* (L) = cos yp*s, €OS Y755 — $3 €OS Yp*sy €OS Ypt8, T (3.11)
Sy = ay/ ay

gp* (§) = Sip €os 7" s, sin p*s; 5 — Sp783€08 Y5 *s; sin yp°s5, 8,

Smp* = An* (¥p)

Expressions for 72,” (L), g,” () are derived from those produced by substitution of
€os z7 for sin z~,and sin z* for —cos 2, where a2t = Sm¥pE or 2% = sy, EL.
The formulas for the displacements can now be written thus: )

«® o0 0
ugp = 2 np(0)01Cp & M)y tnp = D) mpdoCpr  ugp= X gpCp  (3.12)
=1 pe=y p=1
From Hooke's law equation we have

Ogep = Z [sp () +np(D)0,%1Cpy  Sggp = Z rp(£)0:Cp (3.13)
p=1

P=1
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x

Smp = 2 [sp(0) +1p(0)0:21Cpr  Saxp = D) rp(0)3:Cp

p=1 D=1

owe = 2 tp(0)Cr Tt = 2 np(£)10aCy
=1 P=1
$p (8) = (vp / M)np () Apy + A4 159, (0)
rp (8) = V285072 (gp + A7Mny"), tp (L) = (yp / A)? Aysnp +A7qp Ags
Let us transform (3. 10). If b, > 0 and b;* >> b,, then by using the notation s;
s; =, (8 — 82) / (51 + 82) = @ (2 and @ are real), we obtain
o sin Qy* -4 sin @y=EQ = 0 (3.19

If b, >0 and b, << by, then 81, 3 = a -+ iff = Vb1 + iV b, — b We
then have [17] =

B sin 209t 4 a sh 2fyE =0 (3.15)

In case 2° the constants H,,® are found in an analogous manner but have a more
awkward structure, The characteristic equation is

25yt == sin 2s;7% = 0 (3.16)

As regardls the cases 3° and 4°, the results for them are obtained from cases 1° and 2°
by the formal replacement of s, s, by is, is,. For example, the equations to determine
vpE are obtained from (3.14) — (8. 16) and are represented thus

© shQyt + shoQy* = 0, Psh2ap* 4 asin 2Byt = 0, 2sy+ -+
sh2s;yf = 0

The stresses and displacements are calculated by means of (3. 12) and (3. 13) in which
the expressions for np (£) and g, ({) have a structure of the form (3. 11).

4. Let us seek the displacement vector components of the biharmonic solution as
uEB = 0, (©p + 5D, + Dy*), usp = 0, (@ + T, —Dp*), (4.1
wp = (@,
ugp = 0y (L%, + U¥s), uas = 0, (L¥; + TWs), ws =¥, + ¥,

where @, =®,, (§, 1), ¥ = ¥ (§, m) are some arbitrary functions to be deter-
mined. Requiring that (4. 1) satisfy the system (1.2) and conditions (1. 3), we obtain

@, = 20usD*®,, ®, = —A2p, DDy, 9,2Dp* =
—(1 + v1DMD,, D2D:D, = 0

05'®* = (1 + V)1 DMy, Wy = — ¥ + ehso?D2Yy,

Yy = — Mg D2V, DDV, =0

Wy = —Mp D%y, py = Yshs (250" — vo), ps = Yo (1 — )7,
B = Yy vy (1 + )™
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Let us introduce a new biharmonic function #' in place of @, by means of the rela-

tionship @, = —(F + Y/ A% D*F), D2D*F =0
Then the displacements are written thus
ugp = — 01 [F + A2 (/35— )R D°F — @*], 8,°Qp*= (1 +-v)1D*F  (4.2)
Unp=— 0 [F+ M (fs— L) R D'F+ Dp*],  05°Qp*=— (1-+v)D*F
Ugp = 0, [LF — Mp@3D*F), F=¥), ulp=— 2L DF
Unp= 0 [LF — MuZD*F], ugp = ——F — Mt (val? — 2s%) DF

Substituting the displacements (4. 2) into (1. 1), we obtain the following formulas to
determine the stresses of the biharmonic state:

Ogen = 0o [F -+ Apg (V3 — 1% DPF), o = 0, [F +
Apg (5 — &%) D*F]

Oin = — 0,0, [F + Mg (V3 — LD, o = omn =
0'({1% =0

Oz = § (Me01? 1 We022) F — C3ugh20,2D2F, oz =
Aps (1 — C?) 0,D%F

OB = § (W10,® + pedp?) F — L’pA20,°D*F, opp =
Aps (1 — 3o, DEF

Opap = 040, (CF — UA*u,D*F), ogp =0, pe = 2p;,

Mo = pg— 1

5, The solution of the problem posed in Sect. 1 reduces to finding the functions F,
B, Cp which will satisfy the system of governing equations

DD*F =0, D*Cp, = (yp/MN*Cp, D?By = (6,/M*B, (5.1

The total order of the system (5, 1) is D22+P+K) which requires the formulation of
(24+p+k) boundary conditions on Q; instead of the three conditions (1.4). Hence,
let us use the ideas of the Bubnov-Galerkin method to match the boundary conditions
to the governing system, To do this, let us require that the residuals of the boundary
conditions (1. 4) be orthogonal to the complete system of functions  {sin §,,%s,{,
cos 8, 5,8} in the segment [—1, 1]. We consequently obtain the system of boundary
conditions needed to satisfy the conditions on the side surfaces of the cavities.

We will have on Q; in the tension-compression problem

@ (t5) + 69" (¢5) + Y (£;) + Yol ; (Bos Cp) = Yaf 10 (t5) (5.2)
16 (A / 87a80) 2 1s®” (£5) + Ay, j (Bms Cp) = fr, m (E5)s
A‘z.i(Bmv Cp) = fz,m(tj)
Ay, (B Cp) = S[zsox (—1)™ LeaBam + 2} (SnoLoa;+ninpLaa)) c,,] R;ds;
]

=1
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Ay, § (B Cp) = — 6er(—'l)m LszBm + 2 rjanlﬂij (m=1,2,..)

p=1

F=Re(29(2) +%(2)l, $=-%, By=0, fom(t)=Ph

From = § (P -+ iPho) Ry do;

53
1

{ZZ,} = (—1)" S [;;T] ¢08 8},s,Cdz,

—1

{rjﬂp} m : {T;} .
P = (=™ 12 sin sl L.
Py 1P

The arbitrary constant which does not influence the stress distribution is discarded in
(5.2), ¢; is the affix of a point of the " j-th contour, L,Q; are the boundary values of
the operators L, (g = 0,1, ..., 9), which are presented in [11].

We have correspondingly in the bending problem (D,; are real and D,; are imaginary
constants)

% (t5) 4+ 19 () -+ ¥ (£5) — %em®” () — X4, 5 (B Cp) —
iDljti + D‘Z]' = S (Pznr + ip?ne + lS PZyz(de) dtj

Sj s]'
8us Im @' (¢5) + Xo, ; (Bms Cp) + Dyj = S PzntdSi (m=1,2..)

5

X, (B C3) = §{ (=1 50" b [Zan; + - (*52) Taay)x

55

B, + Z{SmpLOQ 4 Pmp 90)C +rmpSleCp ]}R ds;

p=1 85

S,
2 ](Bnn Cp) — (__1)m+1(

" “LoaBom -+ ZrmpSme ds;

=1 55

r=—E 4+ (1= %om= 120241 — 2/(8,750)*]

1 -
2 | cing - L 2(=y™ (s,
S{Pf-} SO U= T {Pi:}

-1
1

I (=)™ (Fmp
S {P’} c0s 6,,7so Ldl = T {PZnt}

After having determined F, By, Cp ,the state of stress and strain at an arbitrary
point of the plate is found from (1. 5).
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